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Abstract

Radio frequency waves used for heating and current drive in magnetic
confinement experiments must traverse the scrape-off-layer (SOL) and edge plasma
before reaching the core. The edge and SOL plasmas are strongly turbulent and
intermittent in both space and time. As a first approximation, the SOL can be treated as a
tenuous background plasma upon which denser filamentary field-aligned blobs of plasma
are superimposed. The blobs are approximately stationary on the rf time-scale. The
scattering of fast and slow plane-waves in the ion-cyclotron to lower-hybrid frequency
range from a cylindrical blob is treated here in the cold plasma model. Scattering widths
are derived for incident fast and slow waves, and the scattered power fraction is
estimated. Processes such as scattering-induced mode conversion, scattering resonances,

and shadowing are investigated.

PACS: 52.25.0s, 52.35.Ra, 52.50.Qt, 52.55.Fa



l. Introduction

Ion cyclotron range of frequency (ICRF) waves and lower-hybrid (LH) waves
have been successfully employed for heating and current drive in magnetic confinement
experiments for many decades. These radio-frequency waves must traverse the scrape-
off-layer (SOL) and edge plasmas before they can perform their intended functions in the
core plasma.

Most present day numerical rf codes treat the propagation of the waves through
the edge and SOL plasmas in relatively simple linear models in which the background
plasma is steady state, laminar, and one dimensional (varying only in the flux
coordinate). In reality, this tenuous plasma is strongly turbulent and intermittent in both
space and time.! A typical auto-correlation time scale for turbulent structures is on the
order of 10 us, and the correlation lengths are on the order of 1 cm in the direction
perpendicular to the background magnetic field B, and much longer, perhaps 10 m or
more parallel to Bj. Furthermore, fluctuation amplitudes in the far SOL are of order unity
and are dominated by intermittent convection of blob-filaments and edge-localized
modes (ELMs).2:3 These filamentary structures, which we will refer to simply as “blobs”
in the following, consist of flux tubes containing denser plasma than the background.
The excess density can exceed that of the background by factors much larger than unity.
Relative to the short rf period for ICRF and LH waves (<< 1 ps), the turbulent structures
are frozen in time, but present a spatially intermittent SOL to the waves.

It is to be expected that propagating waves would scatter off of the plasma
fluctuations. Indeed there is both experimental evidence for such scattering,*> and
previous theoretical treatments of the problem.6-8 The standard theoretical paradigm has
been to model the fluctuations as a randomized spectrum of plane wave perturbations

superimposed on a background plasma. Then the trajectory of the waves in configuration



and k-space, upon encountering many scattering events, can be treated in a Fokker-
Planck approximation. This approach has provided many useful insights.

In the present paper we take a somewhat different and complementary approach,
motivated by recent advances in SOL turbulence and blob dynamics.2:3 Specifically we
consider the interaction of an rf wave with a single blob-filament. This limit is
particularly interesting for the far SOL, where the blob events are large but rare and
therefore relatively isolated from each other.

To model this situations, in this paper, we compute the scattering of a plane wave
from a cylinder of higher (or perhaps lower) constant density plasma, i.e. a blob (or
“hole”). The geometry is shown in Fig. 1. The primary quantity of interest is the
scattered power and its spatial distribution, i.e. the total and differential scattering cross-
section or width. (Because of assumed symmetry along the axis of the cylinder, the
scattering width is just the scattering cross-section per unit length). The calculation is a
generalization of the classical problem of scalar wave scattering from a metal cylinder
that is treated in standard textbooks.9 Here, however, we must address the complications
introduced by vector wave-fields, the anisotropic magnetized plasma dielectric tensor,
and electromagnetic matching conditions across the interface between the blob and
background plasma. Nevertheless, as we shall see, the problem is still amenable to a
treatment in terms of Bessel and Hankel functions.

Two cases are considered: (i) an incident fast wave (FW) (motivated by ICRF
applications), and (ii) an incident slow wave (SW) (motivated by LH applications). The
formalism is discussed in Sec. II and in the Appendices, while the applications to the FW

and SW are discussed in Secs. III and IV respectively. Conclusions are given in Sec. V.
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Fig. 1 (color online) Geometry for rf blob scattering. The plasma
parameters are taken as constants in the background and in the
blob.

Il. Scattering formalism

In order to calculate rf scattering from blobs in our model, it is necessary to solve
the FW and SW equations in cylindrical geometry, (r, 6, z) with the background magnetic
field By = Be, along the axis of the cylinder. For a homogeneous plasma, the FW and
SW are normally decoupled when g >>¢, where the cold-fluid dielectric tensor is
represented as

e=¢) [+bb(g —& ) +ie b xI (1)
where b = By/B; = e,. For the present range of applications to ICRF and LH waves in
the low density SOL plasma, the following approximations are adequate:
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pi> Ppe
and Q; are the ion plasma, electron plasma and ion cyclotron frequencies respectively.
The reduced wave equations for the FW and SW in cylindrical geometry are derived in
Appendix A.

For the FW, which obeys the ordering & >> ¢ LNHiNHﬁ , the decoupling of FW

and SW amounts to neglecting E, to obtain
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33 %(;—(rEe)j+(aL n; 2)Eg +iexE, —imA3 i(Tj =0 (3)

where n = kjc/o, A = ¢/o, and all wave fields are proportional to exp(im + ik)z — iwt).
For the SW, which obeys the ordering g ~ nﬁ_ >>g J_~nﬁ , the calculation in

Appendix A shows that E| =-V | ® where @ and E, obey
2\ 2 : 22
(SJ_ —I'l” )VJ_CD +1k||7u0VLEZ =0 (4)
ik 2gVI®+AGVIE, +&E, =0 (5)
The next step is to find general solutions to these FW and SW equations in
cylindrical geometry for a given m and kj, i.e. we seek the radial structure of the modes.

A solution of Egs. (2) and (3) or (4) and (5) is deferred to Appendix B where it is shown

that the general solution of these equations takes the form

E=Y ™ EDW (1) (©6)

m, j
Here, the index j denotes the wave type (incident field, scattered field, or field internal to
the blob) as well as the branch of wave (FW or SW), the Eg) are constant amplitudes to
be determined, and the Wl(nj) (r) are combinations of Bessel functions. For example, for
an incoming fast plane wave normalized so that Ey has unit amplitude as x — o it is

shown that

Zlm 1[]! lmQJ j mo (7)

kr
where Q = e, /(g —nﬁ), all Bessel functions have argument &=k r, where r = x
cos 6, and for the incoming wave ky = 0 so that k | =k,

Having obtained Eq. (6) as the general solution to the wave equation, it remains to
satisfy boundary conditions. We choose J,, Bessel functions for the internal blob
solution to give regularity at r = 0, outgoing Hankel functions for the scattered wave, and
J, Bessel functions for the plane wave expansion of the incident wave. These choices

satisfy appropriate boundary conditions at zero and infinity. Finally, we apply the



electromagnetic matching conditions across the blob interface at r = ay, assuming no
surface currents, viz. the continuity of Eg, B,, D, and E, where D = ¢-E, and Eg, B,, D,
and E, are all rf oscillating quantities. (When these 4 quantities match, it can be shown
that B, and By also match.) This matching determines the unknown coefficients Eg) in
terms of the amplitude of the incident wave.

In general, the interface matching results in a 4 x 4 system of equations for the
internal blob and scattered amplitudes of both FW and SW polarizations. That is, the
scattering process in general mixes the FW and SW polarizations. When the mixing of
polarizations can be neglected, the 4 x 4 system reduces to 2 x 2 blocks for the FW and
SW respectively.

To be more explicit let

incident wavetypep

scattered wavetypep

scattered wave typep’ (8)
blob wave typep

—
Il
W DO = O

blob wave typep’

where the fields j =0, 1, 2 apply for r > aj, while j = 3, 4 apply for r <ay,. If p is the FW
then the notation p’ implies the SW, and vice versa. The scattering of each m component
can be treated separately because there is no explicit 0 dependence in Wg) . This allows
a simplification of notation: dropping the m index and moving the (j) from a superscript
down to a subscript. With the incident wave E( regarded as known, one can solve for the
scattered wave and the solution inside the blob. Then the 4 matching conditions at r = ay,

take the form

E1Wip + E;Wog —E3W39 —E4 W49 =-EWog 9)
ElMl +E2M2 —E3M3 —E4M4 = —E()MO (10)
ElDl +E2D2 —E3D3 —E4D4 = —E()DO (11)
E1Wy, +EoWy, —EsW3, —E4 Wy, =-E(W, (12)



where

1d im
M;=—— W, —W,; 13
Joordr r (13)
Dj = SJ_er —iSXWJ’e (14)

and all quantities are evaluated at r = ay,. Here E;M; is proportional to B, while E;D; is
proportional to D,. The FW and SW limits of this system are considered in the following
sections.

The scattered power is obtained from the asymptotic forms of the outgoing
Hankel functions (j = 1, 2) and the Poynting flux these waves carry (see Appendix C).
The solution to Egs. (9) — (12) gives the amplitudes of the various waves at the blob
interface. These are related to the asymptotic forms as r — o by using the particular
combination of Bessel and Hankel functions appropriate to the given FW or SW (see
Appendix D). Then, the ratio of total scattered wave E, to incident wave E;,. can be

expressed as

E .
Esca _ ZAmelme (15)
m

inc |0
and from Appendix C the scattered power is
Pyca  2mr 2

ca _ 27" N A 16

Y m

It is then natural to define the scattered power per scattering center (i.e. blob) per incident

power / Ly as the effective scattering width
o=2nrY Ayl (17)
m
Finally, a heuristic estimate of the total scattered power is obtained by summing

over all blobs in the path of the incident wave (neglecting multiple scattering events, and

correlations, i.e. strictly valid for a sparse blob population). Let

P N
stot -G b (1 8)
Pinc L y



where Ny, is the number of blobs in a cross-sectional area of SOL equal to LyLy and Ly is
the length of the blob-populated SOL path of the incident rf wave. Define the packing
fraction of blobs in the SOL as

2
N
£, =2 b (19)
LyLy
Then the fraction of incident power scattered by all blobs in the path of length L, is
Fp = Pstot _ GprX (20)
Pinc Tca.‘2

lll. Scattering of an incident fast wave

FW limit of the formalism
Although the possibility of coupling of an incident FW to a SW by blob scattering
is of interest, we begin by ignoring the SW. Later we calculate the SW fields
perturbatively, noting the conditions where the perturbation theory breaks down.
Neglecting the SW results in the reduced FW matching problem at r = a;,
E1Wip —E3W39 =—EqWpg 21)
E\M; —EsM3 =-EoM, (22)
and the solution

E; _ W3eMg — WoeM3
Eo WMz - W35M,

(23)

Esz _ WipMo —WpeM,
Eo WMz —W3M,

(24)

Here the Bessel-function combinations W; and M; have the arguments € =k a;, for the
external functions (j =0, 1) and &, = k | ,a, for the internal functions (j = 3) where k| and
k|, are evaluated from the dispersion relation using external and internal-blob
parameters respectively. Explicit forms for W; and M; are given in Appendix D. A few

limiting cases follow.



Metallic blob limit

A simple illustrative example is obtained by considering the somewhat extreme
case of a high-density “metallic” blob which satisfies &, >> 1, while retaining the
realistic ordering in the background plasma that the FW wavelength is much longer than
the blob radius £ << 1. As the blob density is raised relative to the background, k |,/ k|
becomes a large parameter. Taking this parameter asymptotically large results in M;
becoming large relative to the other terms. As a result E3/Ej — 0 (i.e. the fields vanish

within a good conductor) and E; is approximated by
E W
=1 _ 706 (25)
Eog Wi

Then taking the subsidiary limit § << 1, after some algebra employing the small argument

expansions of Wje, we obtain leading order contributions from m = 0, £1 with the result

By —ing? Q; -1 Q; +1
EO - 4 {Sm,o + [Ql n 1]Sm,l + (Ql _ ljsm,—l:| (26)

where the purely real quantity Q; = —1Q and Q was defined after Eq. (7). Larger |m| gives
higher order terms in & (e.g. m = 2 yields E| ~ &%) which may therefore be dropped.

For the scattered power, we need the asymptotic form of Eg for the scattered wave

Eg ~i 2 ei(kLr—n/4)Zeime—im/zE1 27)
nik | T ™

From the expansion of the incident plane wave given in Appendix B, E( = ™! where

(i = 1) which is

the incident wave |Ey|2 is normalized to unity. Thus

By ~—ig2ei(kir—n/4) | =n {1+ei9[Qi —1]+e—ie[Qi +1ﬂ (28)
8kJ_I' Qi +1 Qi -1

Using Egs. (15) — (17), the effective scattering width is then obtained as

) 2 2
_m .3 4 Q-1 Qi +1
o= 2 klab IJ{QiHJ +[Qi_1j (29)




The scattered power fraction is

~ of,Ly

7'53.2

Fp ~nfk’a’Ly (30)

so even in the extreme case f, ~ 1 and kL, ~ 1, the scattered power is small in the
parameter £2 = kzag. We conclude that the metallic blob does not scatter the FW
significantly.
Normal blob limit

Next, we consider the more realistic ordering & ~ &, << 1. Expanding in both &
and &, results in the leading order terms
By __ing? Qui —DE (@i =D& o ing? (Qui +DE" - (Qi +1E;

= m, m,— (31)
Eo 4 (Qu-DE2-(Q+DE2 ™ 4 (Qu+DEi-(Q-ng2

2 2
5 £8m,O + 2252 ) Om,1 + ié 7 Om.— (32)
Eop  Sp (Qi + D&y —(Qpi —DE (Qui +DE" = (Qj =D&y

As a check, we see that E{ = 0 and E5 = 1 for £ = &, and Q = Qy (i.e. “blob”

>

indistinguishable from background). In order of magnitude, we have

Ei O(E2)8 1,1 +O(E2) (33)
EO b 9
s 0180 + O + O 1 (34)
0

so that E{/Eq ~ O(E2) still holds, just as in the metallic blob limit. As a result the
scattering width is also small in the present case.
Scattering-induced mode conversion
When kg >> k¢, where subscripts s and f refer to the SW and FW respectively, the
SW amplitudes may be determined perturbatively from
E,D, —E4D, =—E(Dy —E D +E3D; (35)

EyWy, —E4Wy, =0 (36)
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where use has been made of the fact that E, for the FW is negligible. Solving these

equations yields

SeW
E2 — f 4z (37)
Wy;Dy =Dy Wp,
SeW
E4 — f 2z (38)
Wy4,D5 =Dy Wy,
where the FW driving source term is
Sf =—EOD0 _ElDl +E3D3 (39)
When the denominator vanishes, i.e. when
Wy;Dy =DyWp, (40)

we have a slow wave scattering resonance (SWSR). The perturbation theory clearly
breaks down at such points, but they are nonetheless expected to define points of
enhanced scattering and FW — SW conversion. Using the result in Appendix D, the
SWSR occurs when

£ 1k | LH/ g + &, aELHmS & 1 bk 1 bsL o imbs + Exb — L mbs

b - % (41)
H g Jmbs

Here H,, = (H,,,)s = Hy(k | sap) indicates that the Bessel function is evaluated at the slow
wave root of the dispersion relation. L is defined in Eq. (B13).

To gain some insight into the possibility of SWSR, consider the case m = 0:

€1 . ils{H'os _ Elp . éibJstbs (42)

€, -, Os  &rp—my “Obs
For real arguments of all the Bessel functions (i.e. a propagating SW both in the blob and
background) the LHS is complex while the RHS is pure real, thus no resonance is
possible. However, if we consider the case of an evanescent SW in the background
plasma (&g pure imaginary and positive) then & H{g / Hyis real while for & either real
and positive or pure imaginary and positive &psJops /Jopsis real. In these cases, a

solution is possible. In particular for the case of &4 real, the RHS is qualitatively tan-like

11



covering the range (—oo, o0) and will admit solutions when the argument & is of order
unity or larger. Such a solution corresponds to a SW-blob “bound state”. Normally, SW
propagation in the blob, but evanescence in the background will require that the “blob”
have lower density than the background, and is thus not a blob but a “hole”. Thus we
conclude that SWSR can occur when a hole is large enough to admit one or more SW
wavelengths. In practice isolated holes are not likely to occur in the SOL, but the
implication is that there could be FW — SW conversion at the turbulent edge of the
plasma when the turbulence scale size is comparable to the SW wavelength.

In the absence of a SWSR, the validity condition for the perturbation expansion
can be determined by demanding a typical SW term in the Eg equation be small
compared with a typical FW term, e.g. Eo W59 << E3W3g. This estimate can be shown
to require || >>1. Intuitively we expect the SW coupling to be negligible in the FW
equations when k¢ <<kg which is usually satisfied when ¢ >> ¢,. However, here the
FW wavelength is forced to be kf ~ m/a, near the blob, so for m ~ 1 the decoupling

condition k¢ << kgreduces to || >>1.

IV. Scattering of an incident slow wave

SW limit of the formalism

For this application, the index p in Eq. (8) corresponds to the SW. In the interest
of simplicity, the calculation will be restricted to the electrostatic limit. In this case L in
Eq. (B13) reduces to L = i/k, and since ® =LE,, matching of ® on the surface of the
blob matches both Eg and E,. Consequently, the two relevant matching conditions from
the set Egs. (9) — (12) are for D and W, (i.e. Wy is redundant). Neglecting the coupling

to the FW, we obtain the 2 x 2 system of equations
E,D; -E3D3 =-EyDy (43)
E1Wiz —E3W3, =-Eo W, (44)

with coefficients given in Appendix D. The solution is

12



E; _ W3,Dg —Wp, D3
Eo W,D3-W3,Dy

(45)

Esz _ Wi,Dg — Wo, Dy
Ey W,D3-W;3,D

(46)

Typical parameters for LH waves in the SOL suggest that plasma effects enter
mainly through g, i.e. €| ~ 1 and &, <<'1 which is the limit considered in the following.

In this case, the scattered slow wave is given by

Ei_ JmbSm “ImSolmb g e ey @7
E0 Hmameb _meéHm

Note that For £ = £ y,, E| vanishes as it should. For clarity in the next steps, we revert to a

more explicit notation

Ef =ESm(&.6)=1"Sm (&.8p) (48)
and here the incident wave is normalized with E, = 1.
The S,,, which gives the waves at the blob interface, are related to the scattering
coefficients A, using the Bessel coefficients for the SW, and their asymptotic forms, as
given in Appendix D. The asymptotic form of E, for the scattered wave is

m \ K | T

m

The effective scattering width is then obtained as

c 2TCI' 2
— leml lem(a,ab)l (50)
ap  ap Ttk r o
It is also useful to define the differential scattering width
© _ 2 ’
G .
T = Y S (& 8p)e™ (51)
ap S'm

with I dBc(0) =c. A good diagnostic of the angular distribution of the scattered power

(as r — ) is therefore the normalized differential scattering width
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> S (E,&p)e™
50) =29 _Im (52)
o Y Sm&Ey)

which on average is 1/2m.

From the general result of Eq. (47), together with Eq. (50), it is seen that that ¢ ~
ap, for & ~ &, ~ 1. The ratio of scattered to incident power Fp in Eq. (18) or (20) will be of
order unity when one or more blobs (N, = 1) is encountered is a poloidal swath of plasma
of width Ly ~ & ~ ay, as the rf traverses the SOL.

In the next sub-sections various regimes of Eq. (47) (§, &> o, § << 1, ~1and, §
>> 1) are considered by analytical expansion and by direct numerical evaluation of the
general result. For completeness it should be noted here that in the tenuous plasma
regime the SW is a backward propagating mode. However, as discussed in Appendix E,
this fact is inconsequential for the scattering solutions.

Metallic blob limit

As in the FW case, some useful insights are gained by first considering the

metallic blob (i.e. metal cylinder) limit in which &, — . From Eq. (46) using the results

of Appendix D it follows that E5 = 0 in this limit, as expected. Then from Eq. (47)

Logy =2 (53)

In the & << 1 sublimit the dominant contribution comes from m =0

So = T (54)
2yg —in+2In(&/2)

where yg = 0.577... 1s Euler’s constant. The scattering width follows as

o= Tl - 1 )

kJ_ 2yg/mn+(2/m)InE/2)]) +

14



It is also straightforward to treat the insulating blob limit (&, = 0) analytically.
Note the scaling ¢ ~ 1/k | in this long-wavelength metallic blob limit, independent of the
blob size.
LH scattering: long wavelength limit

In general, the (far-field) long-wavelength regime is obtained when & << 1
without demanding large &,. As an example, the scattering width for £ = 0.1 and varying
values of &}, is shown in Fig. 2. Note that a typical value of o is of order 1/k | not ay, (i.e.
o/ay, ~ 1/€ ~ 10 here). This means that the blob causes long range perturbations, on the
order of the wavelength which is much greater than the blob size, when & << 1. Even
larger values of G occur near scattering resonances, where the denominator of S, is
small. The broad feature near &, = 1 is related to a weak m = 0 resonance, and the sharp
spike near &, = 2.4 is a strong m = 1 resonance. Scattering resonances are studied further
in the next sub-section. Except near the scattering resonances, the results for &, > 1 are of
the order-of-magnitude predicted by the metallic blob limit with & << 1.

The field pattern for &, = 0.9 is shown in Fig. 3. The differential scattering width
(not shown) is essentially independent of 6, but interference of the scattered and incident

waves occurs, giving rise to the observed pattern.
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Fig. 2 (color online) Scattering width normalized to the blob size
ap, for the case & = 0.1. Asymptotic results for &, &, << 1 and for
the metallic blob limit with § << 1 are shown in dashed red. Note
the strong scattering resonance at &, = 2.4.
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Fig. 3 (color online) Field pattern Re(E,) for the same case as
Fig 2 at & = 0.9. The incident wave is coming from the left. The
blob is the tiny (almost invisible) dot at the center of the figure, x
=y=0.
LH-blob scattering resonance
Blob scattering resonances can occur for special values of the parameters. The m
= 1 resonance in Fig. 2 is very sharp for two reasons. First, parameters in the blob
interior (i.e. &, of order unity) permit a SW wavelength to fit inside the blob. Second, &
<< 1 implies that the radiation damping of the scattered wave (~ k) is small, and
therefore an approximate “bound state” exists. This particular resonance is an m = 1
resonance, and is shown in more detail in Figs. 4 and 5.
Figure 4 shows the field pattern. The incident wave energy is coming in from the
left in all field pattern figures in this paper. The m = 1 character is clearly evident from

the inset figure, which shows an enlarged view of the blob itself. The angular

distribution of scattered power, i.e. the normalized differential cross-section &(0)is

16



shown in Fig. 5. Both forward and backward scattering are enhanced relative to the non-

resonant case of Fig. 3.

Fig. 4 (color online) Field pattern Re(E,) for the m = 1 scattering
resonance at &, = 2.4, £ = 0.1 (also see Fig 2). The inset figure
shows an enlarged view of the blob region.
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& 020
0.15;
0.10;
0.05} :
0005 i s

Fig. 5 (color online) Normalized differential scattering cross-
section for the same case as Fig. 4. Forward scattering
corresponds to 6 = 0.
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LH scattering: short wavelength limit

Finally, we consider a moderately short wavelength by taking & = 3 and examine
the scattering for disparate &;,. First, the case &, = 0.1 is shown in Fig. 6. In this case,
since &, < & the SW dispersion relation typically requires lower density inside the
cylinder, i.e. the blob is actually a hole. For comparison, the case &, = 10 is shown in Fig.
7. Both cases illustrate the phenomenon of shadowing, which is expected when waves
encounter an object much larger than its wavelength. Both back-scattering and small-

angle forward scattering are possible in this regime.

-
T

b
T

Fig. 6 (color online) Field pattern Re(E) for the case & = 0.1, &
= 3. The blob (here actually a hole) is shown by the black circle.
Note the shadowed wedge for x > 0.
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Fig. 7 (color online) Field pattern Re(E;) for the case & = 10, &
= 3. The blob is shown by the black circle.
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Fig. 8 (color online) Normalized differential scattering width for
the same case as Fig. 7. Small-angle forward scattering “ears”
are prominent.

V. Conclusions

In this paper we have investigated rf scattering from isolated field-aligned

cylindrical blob-filaments. While the formalism presented in Sec. II is for the most part



general, applications have focused on two cases: incident ICRF fast waves and incident
LH slow waves.

Fast wave scattering is typically, and not surprisingly, found to be small in the
ratio of the wavelength 2n/k | to the blob radius a;, in the plane perpendicular to B. The
scattering width is given by Eq. (29) and scales as o© o kiaé while the fraction of
incident power that is scattered is given by Eq. (30). The scattered power is small
enough that it is unlikely to be of direct concern as a power loss channel.

However, the FW scattering analysis also showed that scattering-induced mode
conversion of FWs to SWs is possible. This process is expected to be strong when the
scale length of blobs (or holes) is comparable to the slow-wave wavelength. The present
calculation must be regarded as suggestive and qualitative because only the breakdown of
the perturbation expansion in the size of the SW relative to the FW was demonstrated in
Egs. (37) and (38). It is important to note that the conversion of even a small fraction of
FW power into the SW branch could be significant for edge interactions involving rf-
sheaths at the plasma-facing surfaces.

Scattering of an incident slow wave is found to be significant, as expected from
previous work that employed a density fluctuation formalism.6-8 Since the SW
wavelength for LH waves can be order-of-magnitude comparable to the size of turbulent
blob structures, various regimes of the critical parameter & = ka;, are of interest. A
typical value of the scattering width o is the larger of 1/k | and ay,. In particular, for small
€ << 1 the blob perturbs the rf fields on a space scale of the order of a wavelength, even
though the blob radius is much smaller (Fig. 3). The & << 1 regime is very different for
SWs than for FWs (where scattering is negligible) because of the wave polarization.
Other scattering phenomena were also demonstrated, including the existence of slow-
wave scattering resonances (Figs. 2 and 4), and for § >> 1, rf-wave shadowing (Fig. 5)

and small-angle forward scattering.
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The present calculations only treat the single-blob limit. If the packing fraction of
the blobs is sufficiently dense relative to the wavelength, then scattering from several
near-by blobs can be correlated and the approach taken here breaks down. While the
single blob limit is of interest in the far SOL, the many-blob-hole limit would be
expected to apply closer in towards the separatrix. Results here suggest that a numerical
investigation of LH blob scattering, and of ICRF blob scattering retaining induced mode
conversion, would be interesting. Finally, in addition to rf physics applications such as
power loss and edge interaction, rf blob scattering may be of interest as a tool for

diagnosing turbulent structures in the edge and SOL plasmas.
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Appendix A: Fast and slow wave equations in a cylinder

In this appendix, we obtain reduced wave equations for the FW and SW in

cylindrical geometry. The starting point is the wave equation

—A3VxVxE+¢e-E=0 (A1)

where Ly =c/® and modes vary like exp(imb + ikz — iot). For the cold-fluid plasma
model given by Eq. (1) and taking B, along z
¢-E= €, [SJ_Er - iSXE6]+ ee[SJ_Ee + iSXEr]+ €, |_8||EZJ (A2)

The complete wave equation in cylindrical coordinates therefore has the components

2 .

. dE :
m—Er+ﬂi(rE6)+1kZ—Z +[e B, —ig Eg]=0 (A3)
r2 r2 dr dr

- k% k%Er +
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FW equations
The FW ordering g >> ¢ J_~nﬁ_ ~nﬁ implies that g is the largest parameter in the
problem, therefore Eq. (AS5) renders E, negligible in lowest order. The remaining

equations can be manipulated to obtain

2
€ —1’12 —X%m— E =i8XE9 +}L0——(I'E9) (A6)
l 2 r (2 dr
k%i li(rEe) +(e —n )Ee +ie E; 1m7b2 d(Er =0 (A7)
dr\rd I dr r

SW equations
The SW ordering is g ~ ni >>g ) ~ nﬁ. Since we anticipate cancellations,
small terms are retained on the right-hand-side (RHS) of the equations to yield the (still

exact) forms

2
m im d dE .
-2 —E; 7@ 74 (Fe) = Mok, —% (e —n])E; +is,Eq (A8)
T
E k
x%lmi - +x%,i(1i(rEe)j =035 E (e, —nﬁ)Ee —ie, E, (A9)
dr\ r dr\rdr r
2
2319 ( 9z ) _jom” g , +¢E, x%ii(ﬁ) 3 Kem (A10)
rdr dr 2 r

Next, assuming that €, and g are constants, Eqs. (A8) and (A9) may be manipulated to

get equations for (g | —nﬁ)Vl -Eand (¢ —nﬁ)eZ -VXE.
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0=irdk,ViE, - (g, —nﬁ)vL ‘E+iege, -VxE (Al1)
~2Vi(e, - VxE)=(s; —n)e, -VxE+ie V) -E (A12)

Note that in Eq. (A11) the LHS has cancelled out, while in Eq. (A12) it remains. Thus in
the SW ordering e, -VxE/V-Eis small in ni /e << 1. This justifies the quasi-

electrostatic approximation for the perpendicular electric fields, viz.

EJ_ = —VJ_(D (A13)

Then the two coupled equations describing the SW come from Eqs. (A10) and (A11) and

arc

(61 —nVI®+ik AGVIE, =0 (Al4)

ik, 29V ®+AGVIE, +&E, =0 (A15)

Appendix B: Solution of the wave equations

The expansion of the incoming plane wave in cylindrical coordinates is central to

the scattering problem. For a scalar field, the required identity is just
o0
ei&cose _ Zime(ﬁ,)eime (B1)
m=-oo

where for the plane wave £ =k, r. Here, we need to perform the plane wave expansion in
cylindrical coordinates for the vector electric fields with polarizations corresponding to
the fast and slow waves. From this, a general solution of the wave equations will become
apparent.
FW equations

Consider an incoming plane FW with ky = 0. In Cartesian coordinates, the FW

electric field vector has the polarization
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E = (e, +Qe,)e ¥ (B2)

where

Q=—" (B3)

2
€1 —l'lH

and k| satisfies the FW dispersion relation

252 2
(EJ__HH) —&x

ni = (B4)

2

€ - nH

From this solution, we transform from Cartesian to cylindrical coordinates directly, using
x=rcosf, y=rsinf, e, =e cosO—eqgsinb, ey =e, sinB+eqcos6. The resultis

E = (e,Qcos0 —egQsin 0 + e, sin 6 + eq cos G)eikerOS 0 (B5)
which is converted by Bessel identities to

_ Zim_l(J'm § 1mQl jeime (B6)
m

kJ_I'

m-—1 ' i
)

where J, = J (k1)

In Appendix A the FW equation in cylindrical coordinates was derived. The
coupled equations for Eg and E, are separable in r and 0. It follows that each individual
term in the above plane wave expansion must be a solution of the wave equations. It can
be shown that this is the case when k| satisfies the FW dispersion relation. Thus the

general solution of the wave equation can be constructed as

Eg = > EpyWop ()e™ (BS)
m
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E; = Ep Wi (n)e™ (B9)

m

where the E ,, are arbitrary constants, and for regular BCs atr =0

Wep, =1+ 0Um (B10)
kJ_I'
W, = Mm o5 (B11)
kJ_I'

In general, a linear combination of J,, and Y,, are permitted; e.g. for outgoing wave
boundary conditions J,, — HQR where Hgl) is the outgoing Hankel function.
SW equations

Next, consider an incoming plane SW with k, = 0. In Cartesian coordinates, the

field components of the SW are related by [see Eq. (A14)]

®=LE, (B12)
ik A2

L= 117‘2 (B13)
SL—HH

The electric field polarization for the SW is of the form

E=(e, —ik  L)e*.¥ (B14)

where k| satisfies the SW dispersion relation

2 2
nje| +1’1H g =¢e18 (B15)

Following the same logic as for the FW, the general SW solution takes the form

E;=-> Epk LI e™ (B16)
m

Eq :—ZEm%LJm eimd (B17)
m
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E, =Y EpJpe™ (B18)

m
where again, depending on BCs, a linear combination of J, and Y, are permitted
wherever J,, appears. It may be verified directly that Eqs. (B16) — (B18) indeed satisty

the SW wave equation for constant | and g.

Appendix C: Poynting flux and scattered power
The Poynting flux is

S=— ExB* +cc (C1)
61

Given the wave polarization of the scattered waves, one can calculate the asymptotic
power in each m component and ratio of scattered power per blob to the total incident
power.
Fast waves

Neglecting E, and taking x as a radial variable (in a local coordinate system
asymptotically far from the source) S, =(c/ 16n)EyB; +cc, therefore using
B, =nyE,

3 krc2

S. =
" 8now

Eo|* (C2)

which applies to both incoming (k,, Ey) and scattered (k;, Eg) waves. Since the plasma
dispersion is the same, incoming and scattered waves also have the same k= k, = k,.

The incoming incident power is

2
kyc"LyL, B

2
Ey

Pine = [dASy = (C3)

8w

where Ly and L, are the dimension of the incoming rf beam. The scattered power is

krc2
8nm

Pyca = [dAS, = [dOrL, - [Eq|* (C4)
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and the ratio of scattered (subscript 1) to incident (subscript 0) power is

P |E91|
%z— Jao (C3)

inc ‘EyO‘

For the FW it is convenient to express the scattering amplitudes in the form

E .
Eyo r—o0o m
Then
sca 27:r
= Z|Am| (C7)
PlIlC
Slow waves

For the slow wave polarization, neglecting B,, the Poynting flux is given by
x = —(c/16n)EZB; +ccand using By = —nx(1+ikHL)EZ where L is defined in Eq.

(B13) we find the Poynting flux for the incident wave is

¢ n,eg 2
Sy =————""[E,| (C8)
81 l'lH —€
and for the scattered wave, it is
c n.e 2
S = ——————|E,| (C9)
8 nj-ey

In the quasi-electrostatic limit employed in the main text, one can further invoke
nﬁ >> ¢ | to simplify these expressions.
Analogous to the FW case, the ratio of scattered (subscript 1) to incident

(subscript 0) power is

(C10)
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For the SW it is convenient to express the scattering amplitudes in the form

E .
S =A™ (C11)
m

20 lr o0
Then, Eq. (C7) gives the ratio of scattered to incident SW power.
Note that the SW can be a backward propagating mode, i.e. for positive (right-

going) Poynting flux and group velocity 0w/dky, the phase velocity w/k, is negative.

Appendix D: Bessel scattering coefficients

In this appendix, we give the vector components of the FW and SW solutions to
the respective wave equations in cylindrical geometry, Eqgs. (2) — (5), adopting the
notation of Eq. (6). These coefficients are obtained from Eqgs. (B10), (B11), (B16), (B17)
and (B18).

In the following & = kr and for the matching conditions & = k a;,. All Bessel
functions are evaluated at & (or &, = k| ,r where k|1, is from the dispersion relation using
blob plasma parameters). H,, is the outgoing Hankel function.

Incident fast waves

Considering an incident FW, but allowing for both types of scattered wave, the

subscript s denotes the SW root, unadorned k denotes the FW root for k|, and the index j

= (0, 4) is as described in Eq. (8) with p=fand p’ =s.

imQJ
Woo = Iy + 2 (d1)
J_I'
im
WZO = _TLHms (D2)

W g is obtained from Wq by the replacement J,,, — H,,,. W3q is obtained from Wq by
evaluation inside the blob (i.e. k| = k|, J;y = Jip, Q = Qy etc.). Wyg is obtained from

W by first replacing H,, = J,, and then by invoking evaluation inside the blob.
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—imJ
Wor: mJ

+QJ, (D3)
kJ_I'

W2r = _kJ_sLH ;ns (D4)

The rules for obtaining Wy, W3, and Wy, are as stated after Eq. (D2). For the z-

components, neglecting E, of the FW
Wiz =Hips (D5)

W4z =T mbs (D6)

€9
S

and all other W, are zero. Here subscript denotes that the Bessel function is to be
evaluated at the SW root for k |, i.e. Hy,g = Hy(k | ¢1).
From these elementary quantities we can work out M; and D;. For My, M; and

M3 which are FW quantities, we use Eq. (13) and the Bessel relation

Vil =kl (D7)

and similarly for H,,,.
M =k T, (D8)
M, =0 (D9)

M;, M3 and My are obtained by the rules stated after Eq. (D2). My = My = 0 (< B,) has
the interpretation that the SW is electrostatic in the x-y plane, having an electromagnetic

component only in E) (from A which does not generate a B,). Finally

DO = SJ_WOI" —iSXW()e (DIO)
, m

Dy =—e 1k LHips —&x —LHpy (D11)
r

with D{,D3 and D4 obtained by the substitution rules.
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Incident slow waves
Bessel coefficients are given here for the case of incident and scattered SWs. SW
to FW conversion coefficients are not given here, so an unadorned k denotes the SW root

for k| and the index j =0, 1, 3 is as described in Eq. (8) with p =s.

W, =—k | LI}, (D12)
Wog = —%LJm (D13)
Woz =Tm (D14)

For a = r, 0, zz Wy, is obtained from W, by the replacement J,, = H,,;; W3 is
obtained from W), by evaluation inside the blob.

The SW scattering problem also requires the Dj, coefficients. In general these
have a complicated form, as in Eq. (D10) and (D11). In the tenuous plasma limit, invoked
in the main text, and valid for typical LH parameters in the SOL, we have ¢ | =1, g, <<

1 and
L

Dy =-
0 kz

Jm (D15)
where we have also invoked the electrostatic limit for L ~ i/k,. Dy, is obtained from D,

by the replacement J,, = H,,,; D3 is obtained from Dy, by evaluation inside the blob.

Appendix E: Backward propagation and the slow wave

In some regimes, notably the tenuous plasma regime discussed in the main text,
the SW is a backward propagating mode, i.e. the phase and group velocities are in
opposite directions. In this case, the incident wave that carries energy in the positive x
direction has k, < 0. This can be taken into account in the formalism in several ways.
The most straightforward is to rewrite all results using k| = —k, and an incident wave of

the form exp(—ik | x) = exp(—i§ cos0). If this is done, one finds that J,, - J_,, H, —
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H_,, everywhere, and for an outgoing wave, the appropriate Hankel function is now
H(_Zrzl instead of H(_II)n However, owing to Bessel function symmetries, neither the
scattered field patterns ~ Re(E) nor the scattering widths are modified.

Physically this invariance is because the scattering problem does not follow the
waves in time (we can examine the solutions at the time —imt = 0) so the effect of positive
or negative k, enters as a complex conjugation operation which does not affect the

physical field ~ Re(E).

31



References

1'S. J. Zweben, J. A. Boedo, O. Grulke, C. Hidalgo, B. LaBombard, R. J. Maqueda,
P. Scarin and J. L. Terry, Plasma Phys. Control. Fusion 49, S1 (2007); and earlier
review papers referenced therein.

2 8. 1. Krasheninnikov, D. A. D'Ippolito, and J. R. Myra, J. Plasma Physics 74, 679
(2008).

3 D.A. D'Ippolito, J. R. Myra, S.I. Krasheninnikov, G.Q. Yu and A. Yu. Pigarov, Contrib.
Plasma Phys. 44, 205 (2004).

4 V. Pericoli-Ridolfini, L. Giannone, and R. Bartiromo, Nucl. Fusion 34, 469 (1994).

5 J. D. Moody, M. Porkolab, C. L. Fiore, F. S. McDermott, Y. Takase, J. Terry, and S. M.
Wolfe, Phys. Rev. Lett. 60, 298 (1988).

6 P. T. Bonoli and E. Ott, Phys. Rev. Lett. 46, 424 (1981).

7P. L. Andrews and F. W. Perkins, Phys. Fluids 26, 2537 (1983).

8 K. Hizanidis, A. K. Ram, Y. Kominis, and C. Tsironis, Phys. Plasmas 17, 022505
(2010).

9 P. M. Morse and H. Feshbach, in Methods of Theoretical Physics, (McGraw-Hill, New

York, 1953), Part II, pp. 1376 — 1382.

32




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


